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Abstract. We consider basic algebraic constructions associated with 
an abstract pre-operad, such as a ^-algebra, total composition •, pre- 
cohoundary operator 5, trihraces {•,-,•} and tetrabraces {•,-,•,■}. A deriva- 
tion deviation of the pre-coboundary operator over the tetrabraces is cal- 
culated in terms of the ^-multiplication and tribraces. 
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1. Introduction and outline of the paper 

We consider basic algebraic constructions associated with an abstract pre-operad C 
(Sec. |2|), such as a ^-algebra (Sec. total composition • (Sec. |3|), pre-coboundary 
operator 6 (Sec. |^, tribraces {•,-,•} (Sec. |5|) and tetrabraces {•,-,•,•} (Sec. ^). Main 
result of the present paper is the Main Theorem of Sec. ^ By defining (see degree 
notations in Sec. |2|) a derivation deviation (Sec. ^ of the pre-coboundary operator 
6 over the tetrabraces, 

dev{.,.,.,.| 6{h(^f0g^b):= 6{h, f, g, b} - {h, f, g, 6b} - {-if^ih, f, 5g, b} 

- {-lf\+\s\{h,6f,g,b} - (-l)H+l^^l+l^l{5/i,/,5,6}, 

the Main Theorem states that in a the pre-operad C one has 

(-l)l''l dev|.,.,.,.} 6 {h^ f g ®b) = {h, f,g} ^ b - {h, f,g ^ b} 

- {-l)\9\{hj^ g,b} + i-l)W+\9\f _ {h^g^h}. 



Our result is similar to that of 14|, where it was announced that for the Hochschild 
cochains the extra terms with 5h, 6f, 6g and 6b also appear. We work out these 
extra terms for an abstract pre-operad and give their interpretation via a derivation 
deviation of 6 over the tetrabraces. 

The paper can be seen as an an extension of and |^. 
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2. Pre-operad (composition system) 



Let if be a unital commutative associative ring, and let C" (n € N) be unital K- 
modules. For homogeneous f G C", we refer to n as the degree of / and often write 
(when it does not cause confusion) / instead of deg/; for example (— 1)'^ := (— 1)", 
C-^ := C" and Of := o„. Also, it is convenient to use the shifted (desuspended) 
degree |/| := n — 1. Throughout this paper, we assume that (g) := <Sik and work 
with homogeneous elements of C. 

Definition 2.1. A linear (right) pre-operad {composition system) with coefficients 
in if is a sequence C := {C"}nGN of unital if-modules (an N-graded if -module), 
such that the following conditions hold: 

1. For < i < m — 1 there exist partial compositions 

oi G Hom(C"®C",C'"+"-i), [o, [ = 0. 

2. For all h® f (S) g £ (8) <8> C^, the composition relations hold, 

'(_l)l/IM(/jo,5)o,+|^|/ ifO< j<i-l, 

{h Oi f)oj g= Oj (/ Oj_i g) if « < J < « + |/|, 

, (-l)l/llfl(/l o^._|^| g)o,f \ii + f<j<\h\ + \f\. 

3. There exists a unit I G such that 

ioo/ = / = /oa, o<i<i/|. 

In the 2nd item, the first and third parts of the defining relations turn out to be 
equivalent. 

Remarks 2.2. A pre-operad is also called a comp(osition) algebra or asymmetric 
operad or non-symmetric operad or non-Ti operad. The concept of (symmetric) 
operad was formalized by P. May [^] as a tool for the theory of iterated loop 
spaces. Recent studies and applications can be found in 

Above we modified the Gerstenhaber comp algebra defining relations ||l], ^ by 
introducing the sign (— l)!/!!^! in the defining relations of the pre-operad. The mod- 
ification enables us to keep track of (control) sign changes more effectively. One 
should also note that (up to sign) our Oj is Gerstenhaber's Oj_|_i from Q |l|]; we use 
the original (non-shifted) convention from ||2|, ^. 

Example 2.3 (endomorphism pre-operad). Let ^4 be a unital if -module and S"^ := 
Sndj^ := Hom(A®",^). Define (cf. (|, |, |]) the partial compositions for / (g) 3 G 

^ ^A ^ 

fo,g:= (-l)*l5l/ o (id^^ id^^'^l-*)), < i < |/|. 

Then £a ■= {f^jneN is a pre-operad (with the unit id^ G £\) called the endomor- 
phism pre-operad of A. A few examples (without the sign factor) can be found in 
^ as well. We use the original indexing of |§, ^] for the defining formulae. 

Example 2.4 (associahedra) . A geometrical example of a pre-operad is provided 
by the Stasheff associahedra, which was first constructed in [^]. Quite a surprising 
realization of the associahedra as truncated simplices was discovered and studied in 

m. 111, i. 



Notations 2.5 (scope of a pre-operad). The scope of {h Oj /) Oj g is given by 

0<i<\h\, 0<j<\f\ + \h\. 

It follows from the defining relations of a pre-operad that the scope is a disjoint 
union of 



B 
A 
G 



{(ij) G Nx N| 1 < i < |/i| ; < j < i - 1}, 

{(i,i) GNxN|0<i<|/i|;i<j<i + I/I}, 

{(i, i) G N X N I < i < - 1 ; i + / < J < I/I + \h\}. 



Note that the triangles B and G are symmetrically situated with respect to the 
parallelogram A in the scope BuAuG. The (recommended and impressive) picture 
is left for a reader as an exercise. 

Recapitulation 2.6. The defining relations of a pre-operad read 

'(_l)l/ll<;l(/,o,5)o,^|^|/ if (^,i) €5, 
{h Oj f)oj g = Oi (/ Oj_i g) if (i, j) G A, 

yi)\fM(^ho^^y^g)o,f if (^,i) GG. 

The first {B) and third (G) parts of the relations are equivalent. 

3. Cup and total composition 

In Sections we recall from Q main facts about cup-multiplication, total 
composition, pre-coboundary operator and tribraces in an abstract pre-operad. Fix 
/iGC2. 

Definition 3.1. In a pre-operad C, the cup-multiplication ~^:='^^: G^ (8) — > 
Gf+9 is defined (cf. ||,|, |) by 

/^g:=(-l/(^oo/)o^5GC^+^ 1-1 = 1, /05GC^^C^. 

Note that Of := o^ggj, and | ^ | = 1 means that deg 0. The pair CupC := 
{C, ^} is called a ^-algebra of C. 

Example 3.2. For the endomorphism pre-operad (Example |2.3D £a, one has 

Proposition 3.3. In a pre-operad C , one has 

fioof={-l)ff^l, ^o^f = -l^f, /_g = _(_l)l/l5(^ 015)00/. 

Lemma 3.4 ([|, §). /n a pre-operad C , the following composition relations hold: 
' l/-(90j-/'=) i/ /<J<l9l+/- 



Definition 3.5. In a pre-operad C, the total composition •: C-^ (X) — > C^^^ ^ is 
defined (cf. i, |) by 

I/I 

/.5:= J]/oi5GC7^+9-i, |.|=0, f^gGCf(^CS. 

The pair ComC := {C, •} is called the composition algebra of C. 

Theorem 3.6 (g §). /n a pre-operad C , one has 

U ^ g) = f ^ {g .h) + {-lt\3{f .h) ^ g. 

Remark 3.7. This theorem tells us that right translations in ComC are (right) 
derivations of the -^-algebra. In turns out that the left translations in ComC 
are not derivations of the ^-algebra (see Theorem 5.5). 

4. Pre-coboundary operator 
Definition 4.1. In a pre-operad C, define a pre-coboundary operator 5 := 5^ by 
-6f := [/, /x] := / . /i - (-l)l^l;u . /, /X ® / G C^ ^ C/. 

Example 4.2. In the Gerstenhaber theory Q, 6^ is the Hochschild coboundary 
operator with the property 5^ = 0, the latter is due to the associativity /x • /i = 0. 
In this paper, we do not assume the associativity constraint for fj,, thus in general 

Proposition 4.3. In a pre-operad C, one has 

-,5/ = /-^I+/.^+(-l)l^ll^/. 

Definition 4.4. The derivation deviation of 5 over • is defined by 
dev. 5if^g) := 5{f • g) - f • 5g - {-l^^Sf • g. 

Theorem 4.5 (||6|). In a pre-operad C , one has 

dev. 6{f0g) = f^g- {-lY'^g - /. 

5. Tribraces 

Definition 5.1 (Gerstenhaber tribraces (cf. [g, Let h®f®g G C^^C^ ®C^. 
The Gerstenhaber tribraces {•,-,•} are defined as a double sum over the triangle C 
by 

{h,f,g}:= (/io,/)o,5GC^+/+5-2, |{-,-,-}|=0. 

(ij)6G 

Theorem 5.2 (Getzler identity [^). In a pre-operad C , one has 
{h, f,g)-={h» f)»g-h»{f mg) 

= {hJ,g} + {-l)\f\\^\{h,gJ}. 



Theorem 5.3 (Gerstenhaber identity). In a pre-operad C , one has 

ih,f,g) = i-l)\f\\3\{h,gj). 
Proof. Use the Getzler identity. □ 

Definition 5.4. Tlie derivation deviation of 5 over the tribraces {•, •, •} is defined 
by 

dev|.,.,.| 6ih^f<E)g):= 6{h, /, g} - {h, f, 6g} - (-1)1^1 {h, Sf, g} - (-l)l^l+l^l{<5/i, /, g}. 

Theorem 5.5 (0). In a pre-operad C , one has 

(_l)l<;l dev|.,.,.| 6ih®f^g) = ih.f)^g+ (-1)1^1^/ ^ (h . g) - h . {f ^ g). 

Theorem 5.6. In a pre-operad C , one has 

(-l)lf I dev{.,.,.} 5{h(^f(S^g) = [hJ]^g + {-Ip^ f ^ [K g] -[h,f--g]. 
Proof. Combine Theorem |5.5| with Theorem p.6| . □ 
6. Main theorem and Gerstenhaber's method 

In this section, we calculate the derivation deviation of 5 over tetrabraces for an 
abstract pre-operad. For this we use the Gerstehaber (auxihary variables) method 

il- 

Definition 6.1 (ground tetrahedron). The ground tetrahedron T (associated with 
h0 f <E) g e C-f ®C3) is defined as a set of points in N x N x N with N- valued 
coordinates i,j,k, which satisfy inequalities 

'O < i < /i - 3, 

i + f<j<h + f-3, 

J+g<k<h + f + g-3. 

In other words, 

T := {{i, j,k) e'NxNxNlO <i < j - f < k - f - g <h-3}. 

Definition 6.2 (tetrabraces). Let /i (g) / 5 (g) 6 G (g) C/ (g) tg, (27^. Define the 
tetrabraces {•,•,-,•} by 

{h,f,g,b}= E iiho^f)o,g)o,beC^+f+3+'-^ |{., ., ., .}| = 0. 

(iJ,fc)GT 

Definition 6.3. The derivation deviation of 6 over the tetrabraces {•,•,-,•} is de- 
fined by 

dev{.,.,.,.| 6{h(^f^g^b):= 6{h, f, g, b} - {h, f, g, 6b} - {-lf\{h, f, 5g, b} 

- {-lf\+^^^{h,6f,g,b} - (-l)l''l+l5l+l^l{5/i,/,<7,6}. 
Main Theorem. In a pre-operad C , one has 

dev|.,.,.,.} 6{h® f ® g ®b) = {h, f,g} ^ b - {h, f,g --^ b} 

- {-l)\^\{hj ^ g,b} + (-l)l^l/+l9l/ _ [h^g^h}. 



To prove this theorem, we use auxihary variables. 

Notations 6.4 (auxihary variables). In a pre-operad C, for {i,j,k) G T define the 
auxiliary variables 

r,+i,,+i,,+i := I ^ {({h o, f) o,. g) o, b) 

i-l 

s=0 

+ o, (I ^ /)) o,.+i 5) 6, 

r;+i,,.+l,,+l := o, (/ ^ I)) o,.+i 5) o,+i 6 

j-f 

_ ^ o, o, /) o,+i g) o,+i 5 

s=i+l 

+ (_l)M+H((/,o,/)o,.(I^5))ofe+i 6, 

r^VlJ+l,fc+l (-1)'" ((^ f) {g ^ I)) o,+i 6 

fe-|/|-<y 

_ (_1)I/I+IpH^I ^ (((/io,;x)o,/)o,.5)ofe+i6 

«=i-|/l+i 

+ (-l)l''l((/lO, /) 0,5) Ofe (I^fe), 

r-+i^j+l_fc+l := {(h Oi f) Oj g) Ok {b ^ I) 

\h\ 

_ + + ^ (((^ o, f,) O, /) O,. 5) Ofe 6 

•^=fc-l/l-lfll+l 

Lemma 6.5. In a pre-operad C, for {i,j,k) G T one has 

mh Oi /) o,- g) Ofc b) - {{h o, /) o,- g) Sb - o, /) o,- Sg) o^+i b 

= rj+ij+i^fc+i + r^_|_ij_|_i^fc_|_i + rf+ij_|_i^fc_|_i + r^+ij+i^fc+i. 

Proof. See Appendix A. □ 

Notations 6.6 (truncated envelope of T'). Now define a shifted ground tetrahe- 
dron 

T' ■= {{i,j, k)eNxnxN\l<i<j-f<k-f-g<h-2}. 
Its envelope is the tetrahedron 

Tenv ■■= {{hJ, k)enxNxn\0<i<j-\f\<k-\f\-\g\<h + l}. 



The boundary of the envelope T^nv is evidently 9Tg„,„ = Tg„^ \ T'. The truncated 
envelope T~ of T' is defined by removing (six) edges of T^„y, 

T^,:=Ti^A{ihj,k)eNxNxN\{0<i<h + lJ + \f\,h + f + \g\y, 

{0,\f\,\f\ + \9\<k<h + f+\g\y, 
^0<i<h+l,i+\f\,i+\f\ + \g\y, 
{0,\f\<j<h + f,h+f+\g\y, 
{0<i<h+l,h + f,h + f+\g\y 
{0,\f\<j<h + f,j + \g\)} 

Lemma 6.7. In a pre-operad C, for 0<i<j — f<k — f — g<h — 2 one has 

o, /) o,- g)o,b = Tijk + r^+ijfe + r^VlJ+l,fe + ^iU,j+l,k+l, 
by definition forVojk, ^,i+\fik' ^,j+\9\' ^^^^im+f+g (boundary values onOTi^J. 
Proof. See Appendix B. □ 
Boundary Lemma. In a pre-operad C , for k) € <9T~ one has 

ro,-fe = (-1)1^1+^+1^1^/ ^ {{h o,_^ g) o,_f b), f<j<k-g<\h\ + I/I, 

^'i,i+\f\,k = {f -g))okb, l<i<k~\f\-g< \h\, 

^"j,H\9\ = /) (5 ^ 1 < ^ < i - / < 1/^1, 

r;;',|^i+^+, = {-i)\{h o,_i /) o,._i g)^b, i<i<j-f< H 

by definition for the six edge values 

ro,-|^i+i/i+, {f<j<\h\ + \f\y r;^fc (^f + g <k <\h\ + \f\ + \g\y 
rUi/i,N+i/i+. (i<^<N)' ^'kjM9\ {f + i<j<\h\ + \f\y 
rl+u+fM9\ (2 < ^ < 1^1 - 1), r::|,|+/,,+|/|+|,| (1 < ^ < M- 

Proof. See Appendix C. □ 
Proof of the Main Theorem (Gerstenhaber's method). First note that 

\h\-2\h\+\f\-l\h\+\f\+\5g\ 

{h, f, dg,b}=J2 E E °^ /) °^ ^9) Ok b 

i=0 j=i+f k=j+5g 
\h\-2[h\+\f\-l\h\+\f\+\g\+l 
= E E E iiho,f)o^6g)o,b 

i=0 j=i+f k=j+g+l 
\h\-2\h\+\f\-l\h\ + \f\ + \g\ 

= E E ^ (C^oi /) °j ^9) Ofc+i b 

j=0 j=i+f k=j+g 

= E (i^°if) °j ^9) Ofc+1 b 
{i,j,k)eT 



and 



\h\-2\h\ + \5f\-l\h\ + \Sf\ + \g\ 

{h, 6f, 5, H = E E E °^ '^/) °i "'^ ^ 

j=0 j=i+5f k=j+g 
\h\-2 \h\+\f\ 

= E E E °* ^) ^ 

i=0 j=j+/+l k=j+g 

\h\-2\h\ + \f\-l\h\ + \f\ + \g\ 
i=0 j=i+f k=j+g 

(ij,fc)Gr 



By using Lemma |6.5| we have 

6{h, /, g, b} - {h, f, g, 6b} - {-if^ {h, f, 6g, b} - {-lf\+\9\{h, Sf, g, b} 

= E (-'^j+l + ^i+l,j+l,k+l + ^i+l,j+l,k+l + 



^111 

,j+l,k+l "I" ^ i+l,j+l,k+l} 

(i,j,k)€T 



(ij,fc)gT' 



Now use Lemma 6.7 to see that 

15/i|-2|<5h| + l/|-l|<5h| + l/| + lgl 

(_l)l/l + l9l + |6|{^-^J^^^5} = (_l)l/l + l.l + H^ ^ ^ [{6ho,f)o,g)o,b 

4=0 i=j+/ k=j+g 

\h\-l \h\ + \f\h+\f\ + \g\ 
i=0 j=i+f k=j+g 

\h\-l\h\ + \f\h+\f\ + \g\ \h\ \h\ + \f\ h+\f\ + \g\ 

= Y.Y. r.. + E E E r^.. 

1=0 i=i+/ A:=j+g J=l j=i+\f\ k=j+g 

\h\ h+\f\ h+\f\ + \g\ \h\ h+\f\ h+f+\g\ 

+ E E E + E E E 

1=1 j=i+/ k=j+\g\ t=l j=i+f k=j+g 

\h\-l\h\ + \f\h+\f\ + \g\ \h\ + \f\h+\f\ + \g\ 

= E E E E E ^o^f" 

i=l j=i+f k=j+g j=f k=j+g 

+ \h\ h+\f\ + \g\ 

+ E E E ^'ijk + E E ^i,i+\f\,k 
i=l j=i+f k=j+g i=l k=i+\f\+g 

\h\-l\h\ + \f\h+\f\ + \g\ \h\ \h\+f 

+ E E E ^ijk + E E ^'k3 + \9\ 
i=l j=i+f k=j+g i=l j=i+f 



\h\-l\h\ + \f\h+\f\ + \g\ \h\ \h\+f 

+ E E Yl ^i^k + E E ^ij,h+f+\9\ 

i=l j=i+f k=j+g i=l j=i+f 

E ^^"-^k + ^ijk + ^ijk + 



ijk) 





\h\ h+\f\ + \g\ 


+ E E To,. 


+ E E ^U+\f\,k 


j=f k=j+g 


i=l k=i+\f\+g 


\h\ \h\+f 


\h\ \h\+f 


+ E E ^ij,j+\9\ 


+ E E ^ij,h+f+\g\ 


i=l j=i+f 


i=l j=i+f 



One can see that the resulting boxed formula is a sTim over the boundary dT!- 



of the truncated envelope T'~^ of T' . By cancelhng the sums X^j^/ and using the 
Boundary Lemma, we finahy obtain 



dev{.,.,.,.} 5{h® f ®g®h) = (-1) 



\f\ + \h\h+\f\ + \g\ 
j=f k=j+g 



\h\ h+\f\ + \9\ 

_(_1)M+H^ ^ (ho,_,{f~^g))o,b 
i=l k=i+\f\+g 
\h\ \h\+f 

-(-!)'" E E {ho,_U)oj-i{9^b) 

i=i j=i+f 
\h\ \h\+f 

-(-l)'E E {{ho..if)o,_,g)^b 
i=l j=i+f 

\h\-i\h\+\g\ 

j=0 k=j+g 
\h\-lh+\f\+\g\ 
-(-!)''' E E iho,{f^g))ojb 

i=Q j=i+f+g 
\h\-l\h\ + \f\ \h\-l\h\ + \f\ 

-E E (^°*/)°^(^?^^)+ E H iih°^f)°J9)-b_ 

i=0 j=i+f i=0 j=i+f 

= (-l)l'l ^ {h,g,b} - ^ g,b} - {h,f,g ^ b} 

+ {hj,g}^b\, 



which is the required formula. 



□ 



7. Appendix A 
Proof of Lemma |6.5| . First note that 

-S.m °^ f) °J 9) °k h) = + + + I _ (((/i o, /) o, g) o, h) 

\h\ + \f\ + \9\ + \b\ 

+ X] {{{hoi f) Oj g) Of,b) n+ {{{hoi f) Oj g) o^b) -^l. 
s=0 

By using the composition relations 

' (-1)1^1 {{{h o, /) o, g) o, ^) o,,+i 6, if < S < - 1 
((/i Oj /) Oj- 5r) (6 o^_fc if /c < s < /c + |6| 

, (-1)1^1 (((/l Oj /) Oj g) o^_|j[ ^) Ofc 6, if /c + 6 < S 



{{{h Oi f) Oj g) Ok b) Og n 



cut the above sum ^j^^^l-'^l+l^l+l^l in three pieces, 
-6{i{h o, /) o, g) o, b) = + + M + I ^ (({h o, /) o, g) o, 6) 

k-1 k+\b\ 

+ (-1)'*' °* -^^ °j ^) ^ + X] °* -^^ °i ^) 

l/^l + l/l + lffl + lfel 

+ (-1)''' X (((^°./)°j5)0«-|6|^)0fc6+(((/l0i/)0,5)o;,6) -^I. 

Next, cut the first sum Yl'lZo ™ three pieces by using the composition relations 

' Oi /) o, ^) o^.+i g, if < S < j - 1 

(/i Oi /) °j {g °s~j /^), if j < s < j + \g\ 

(-i)lf I ((/i o, /) o,_|^| /i) o, 5, if j + 5 < s < A; - 1, 

and obtain 

Oi f) Oj g) o, b) = {-l)\h\ + \f\ + \G\ + \i>\ I _ (((/, /) o,. 5) o, 6) 

i-1 

+ + M ^(((/, o, /) O, /,) O^. + i 5) Ofc+i b 



((/l Oj /) Oj g)o^ fi= i 



+ (-1)''' X °* ^) °i (5 Os-, /U)) Ofc+i 6 
s=j 

k-1 

+ + ^ (((/, o, /) o,_i^i ^) o, g) o,+i 6 



k+\b\ 



+ X °' •^^ °J ^) "'^^ ^) 



s=k 



\h\ + \f\ + \9\ + \b\ 

+ (-1)'" E 

+ (((^ °i f) °j 9)°kb)-^l. 



Next, cut the first sum X^g^g three pieces by using the composition relations 

'(-l)l/l(/io,^)oi+i/, [fO<s<i-l 
{hoi f)og H= Oi (/ Os-i fi), ifi<s<i + \ f\ 

^ (-1)1/1 (/i o,_i^| ^) o, /, i{i + f<s<j-l, 

and desuspend summation ranges, 

n+|x| \x\ 

X Og_n fl = xOg^ = X»^ = —( — 1)'^' 1 ^ X — Sj^iX — X ^ I 

s=n s=0 

for the pairs {n,x) = {k,b), {j,g) and (i,/), 

i-i i-/ 

^ /lOs-|/|/^= ^ /iOg/X, 
s=i+/ s=i+l 
fc-1 k-1 k-\f\-g 

(h Oi f) Og_|g| ^ = (-1)1/1 Y^{h Os-\g\-\f\ lj)°if= (-1)'^' X] °* ^) °* 
s=j+g s=j+g s=j-|/|+l 

\h\ + \f\ + \9\ + \b\ \h\ + \f\ + \g\ + \b\ 

J2 /) OjS') Os-|6| = (-1)'^' Y ((/l Oi /) Ofi-lbhlsl M) Oj 5 

\h\ + \f\ + \9\ + \b\ 

= + M ^ ((/i0,_|,|_|^|_|^|^)0,/)0,5 

\h\ 

= (_1)I/I + M ^ ((/io,^)o,/)o^.5 
^=fc-|/l-|9l+l 



s=k+b 



to obtain the required formula. 



□ 



8. Appendix B 



8.1. Proof of Lemma 6.7. First note that 



^ijk + '^i+ljk + '^i+l,j+l,k + '^i+l,j+l,k+l 

.lf\+\f\+\a\+\b\ I _ (((/, J) 5) o,_i 5) 

.1)1/1 + ^ + 1^-1 ^(((/, o, ^) o, /) o,.^) o,b 



+ 
+ 



+ 



s=Q 



.i)m+M+N((/, o,_i (i^/))o,.5) o,b 

-1)1^1 + 1^1 ((/lO, (/^I))o,5) Ofe6 

.1)1/1 + ^ + 1^-1 ^ (((/lo,^)o,/)o,.5)o,6 



=i+l 



-1)1^1+1^1 ((/lo, /) o,_i (I-^5))ofc6 



+ i-lf\{{ho, f) Ojig^I))okb 

s=i-|/l+i 

+ o,f) 0,5) o,_i (1^6) 

_ (_i)i/i+i.i+i;>i ^ (((/, o, ^) o, /) o,. 5) o, 6 

s=fc-|/|-|(/|+l 

We must compare it term by term with 

i-2 

= - h) o, /) o,- g) Okb + J2{{ih Os ti) Oi f) oj g) b 

s=0 

+ {{{h Oi_i 11) Oi /) Oj g)okb+ {{{h Oj 1^) Oj /) o^- g) b 
j-f-l 

+ XI (^(^ °^ °' °0 9)okb+ {{{h Oj_f n) Oi /) Oj g) Oj. b 

s=i+\ 

k-f-9 

+ {{{h Oj_|^| fj,) Oi /) Oj g)okg+ ^ {{{h o^ ji) Oj /) o^- g) o^ b 

s=j-\f\+i 

+ {{{h Ok-\f\-g n) Oi /) Oj g)okb+ {{{h Ofe_|/|_|g| /x) Oj /) o^- g) o^ b 

\h\ 

+ i{{ho,fi)oif)ojg)okb+{{{h^l)oif)ojg)okb. 
s=k-\f\-\g\+l 

Now, recall the sign (—1)1/1+191+1^1 and use composition relations to note the ground 
identities 

(((I h) Oj /) Oj g)okb = ((I {h oi-i /)) Oj g) Ok b 

= (I {{h Oi_i f) Oj_i g)) Ok b 
= 1^ {{{h Oj_i /) Oj_i g) Ok-i b), 
[h Oj_i n)oif = h Oj_i (/X oi /) = -h Oj_i (I ^ /), 
{h Oin)oif = h Oi oo /) = {-lyh Oi (/ ^ I), 
{{h Oj_f n) Oi f) Oj g = (-1)1/1 ((/i Oi /) Oj_i n) Oj g 
= (-1)1/1 (/l Oj /) Oj_i (fioig) 
= i-lYihoi f) Oj_, (l^g), 
{{h o^-_|^| fi) Oi f) Oj g = {-l)\f\{{h Oi f) Oj 11) Oj g 



(((/iOfc_|j|_g fj.) Oif)ojg) Ofcft 



{{{h °k-\f\-\g\ °if)°j9) °kb 



{{{h ^ I) Oj /) Oj g) Of, b 



which prove the required formula. 



1) -^'(^ °i f) °j ifJ- °o9) 

1) ^Hi{h Oi f) Ok^g /U) g) Of, b 

+ o, /) ojg) o,_i^) Of, b) 

+ o, /) ojg) Ofe_i (^oi6) 

1) -^'(((^ Oi /) Ofe-|g| /^) Oj 5) Ofc 
+ Oj /) Oj 51) Of, H) Of, b 

+ o, /) ojg) Of, (/, 00 b) 

+ Oi/)o,5) 0,(6^1), 

/) - I) 0,5) Ofc^ 
.l)/l + l9l + H(((/,o, /) 0,5) o, 6)^1, 



□ 



ijk 



8.2. Proposition/recapitulation. In a pre-operad C, for (i,j,k) G T' the auxil- 
iary variables read 

_(_1)|/^H/I+M+H /) 0,5) 0,6 

i-l 

_(_l)l/l + M + l^'l^(((/,o, ^) o,/)o,5) o, 6, 

i-/ 

_ (_l)l/l + l9l + l^>l ^ (((/, o, ^) 0,_i /) O, 5) Of, b, 

s=i—l 
k-f-\g\ 

_(_1)I/H5l+H (((/io,/i)o,_i/)o,_i5)o,6, 
s=i-/ 

_ + + ^ (((/, o, ^) o,„i /) o,._i 5) Ofc_i b 

s=k-f-\g\ 

_ + M + _ I) o,_i /) o,._i o,,_i 6. 

Proof. Use the ground identities from the previous section 



-p/// 



□ 



9. Appendix C 

Proof of the Boundary Lemma. We calculate the boundary values of the auxil- 
iary variables in a standard way, by using Lemma 6/7 and recapitulation formulae 3^. 
First prove that 



r". . 



(-1)1^1 (/lOi_i/) o,._i {g^b) 



for 2 < i < |/i| — 2, i + / + 1 < J < + |/|. Use Lemma O and recapitulation 
formulae 3^ to note that 

'^i-^,j-i,j+\g\ + ^i,j-i,j+\g\ + ^ij,j+\g\ ^ij,j+9 

= + + M + (((I _ h) o,_i /) o,_i 5) o^.^i^i b) 

i-2 

_ (_i)l/l + l<;l + l''l ^(((/, o, ^) o,_i /) o,_i g) o^.+i^i 6 

s=i~l 
\h\ 

_ ^ (((/I o, ^) o,_i /) o,._i 5) o^.+i^l 6 

■5=i-|/l 

We must compare it term by term with 

-{{5h Oj_i /) Oj_i g) Oj^g\ b = h) o,;_i /) Oj_i g) Oj^g\ b 

\h\ 

+ ^{{{^ °s /^) f) a) °j+\g\ b + {{{h ^ I) Oi_i /) Oj_i g) o^.^i^i b 

i-2 

= ^ h) Oi_i /) o^-_i o^.^i^i b + o, fi) Oi_i /) Oj-_i o^.+i^i b 

s=0 

j-f-l 

+ ^ {{{h Os ^J) Oi-l f) g) °j+\g\ b + {{{h Oj_f /i) Oj_i /) Oj_i g) Oj^g\ b 

s=i—l 

\h\ 

+ X] (((^ °^ Z^) /) 5) Oj+|g| 6 + (((/i ^ I) Oi_i /) Oj_i £/) Oj-+|g| 6. 

s=j-\f\ 

Now recall the sign (—1)1/1+191+1^1 and use composition relations to note that 

(((/l Oj-f /i) Oj_i /) Oj-„i 5) Oj. + l^l 6 = (-1)1/1 (((/lOj_i /) Oj_i //) Oj-_i 5) Oj-_^|^| b 

= (-1)1^1 (/lOi_i /) Oj_i ((^ 00 5) 6) 

= (-l)l/l+<;(/,o,_i/)o,_i (5^&), 

which lead one to the required formula for '^'Ij jj^\g\- Also note that the last identities 
hold ifl<^< \h\, i + f < j < \h\ + f . The latter inequalities represent a projection 
on the ii-coordinate plane of the following face of — : 

l<i<\hl i + f<j<\h\ + f, k = j + \g\. 

Therefore, in this case (projection) we have 



j-f 

= + M + ^ (((/. o, ^) o,_i /) o,._i 5) o .^1^1 6 

and the recapitulation formula 

k-f-\g\ 

rri. = -(-l)l^l+l^l+l'l E (((/^ o.-l /) o.-l 5) 6 

holds in the tetrahedron 

l<i<\h\, i + f<j<\h\ + f, j + \g\<k<\h\+f+\g\. 
Next prove that 



for 2 < i < — 1, z + I/I + < A; < |/i| + 1/| + |g|. Use Lemma 3^ and recapitulation 
formulae to note that 

^i-l,i+\f\,k + Ti^i+I/I^fc + -'^i'i+/,A: + ^i',i+f,k+l 



+ + + H (((!_/,) o,_,/) o,+ |^| g) o, 6) 



-1) 



i-2 
s=0 

k-f-\9\ 

l)\f\ + \9\ + \b\ ^ (((/lo,^)o,_i/)o,+|^,^;)o,6 

\h\ 



^=fc-|/|-|9l 

.l)l/H5l + H(((/,_I) o,_i/) o,+ i^| 5) 0,6. 

We have to compare it term by term with 

-{{6h Oi_i f) Oj^i^i g)okb= ^ h) Oi_i f) o^^f^ g) b 

\h\ 

+ ^{{{h Os ii) Oi_i f) o._^|^| g)okh+ {{{h ^ I) Oj_i /) o._^|^| g) b 



s=0 



i-2 



^ h) Oi_i f) o^^j\ g)okb + ^(((/l o, /i) Oi_i f) o^_^[^| g) Ofc b 

s=0 

k-f~\g\ 

+ {{{hoi_iii)oi_i f)o^^\f\g)okb+ E (((/i /i) Oi_i /) o^_j_|j| 5) ofc 6 

\h\ 

s=fe-|/|-l9l 



Now recall the sign (—1)1/1+191+1^1 and use composition relations to note that 
{{h Oi_i /i) Oj_i /) Oj+jj[ g = {h Oj_i (/i oq /)) Oj_i+j g 

= hoi_i ((/i oo/)oj gf) 
= (-1)^/1 o,_i (/^g), 

which lead one to the required formula for T'--^^j^ ^. Also note that the last identities 
hold < i < \h\, i + \f\ + g < k < \h\ + \f\ + g . The latter inequalities represent 
a projection on the i/c-coordinate plane of the following face of 

l<i<\h\, j = i + \f\, i+\f\ + g<k<\h\ + \f\+g. 

Therefore, in this case (projection) we have 

r:,+|^|,fc = (-l)l'l+l^l(/io,_i {f ^g))o,b 

= _(_l)l/l + M + |fe|(((/, o,_i ;x) o,_i /) o,+ |^| 5) Ofe 6 

= _(_l)l/l + M + |f'l ^ (((/, o, ^) o,_i /) o,+|^| g) o, 5 
s=i— 1 

and the recapitulation formula 

3-f 

^'ijk = -(-l)l^l+l^l+l''l {{{h o, f,) o,_, f) o,. g) o, 6 

s=i— 1 

holds in the tetrahedron 

l<i<\h\, i + \f\<j <\h\ + \f\, j + g<k<\h\ + \f\+g. 
Next prove that 

Tojk = (-l)l^l+^+l'^l// ^ ((/i o,_^ 5) o,_^ 6) 

^1 + I/I ~ 1) J +5 ^ ^ ^ 1^1 + I/I + bl- Use Lemma |6 .71 and recapitulation 
to note that 

3-f 

_(_l)l/l + M + l^'l^(((/,o, ;u) oo /) o,.^) o,6 
fc-/-|9l 

_ (_i)m+i5i+i^'i ^ (((/io,^)oo/) 0^.5)0, 6 

\h\ 

_ (_i)l/l + M + |fc| ^ (((/, o, p,) 00 /) o^. g) o, 6 
s='=-|/|-|9l 

_(_l)l/l+M+l^'l(((/,_i) 00 /) 0^.5) o, 6. 
We must compare it term by term with 

-m 00 /) o, 5) 6 = (-i)i'^i(((i - h) 00 /) o,- 5) 6 



for f <j < 
formulae 3.2 



\h\ 

+ '^(((^ °^ °o /) °j 9)°kb+ {{{h ^ I) OQ /) Oj g) Of, b 
s=0 

j-f 

= - h) oo /) o,. g)okb + Y^iiih Os fi) oo /) o,- g) b 

s=0 

k-f-\9\ 

+ X] ^^^^ ^) °o -^^ °J 3^ ^ 

s=3-\f\ 
\h\ 

+ X] (.iih°s 1^) °0 f) °j g) °kb+ {{{h -^1) OQ f) Oj g) o,,b. 

s=k-\f\-\g\ 

Now recall the sign (— l)l/l+l5'l+l''l and use composition relations to note that 
^ h) oo /) o, g) o, b = o, h) oo /) o, g) o, b 

= _(_l)|/^l + |/^ll/l(((^oo/)o//i) 0,5) 0,6 
= _(_1)/IM((^ 00 /) o^ ihoj_j g))o,b 
= -(-l)^l'^l(^ 00 /) o; {{h oj_f g) o,_f b) 
= ^_l)m\ + \f\f^^(^ho^_fg) o,_fb), 

which leads one to the required formula for Toj^. Also note that the last identities 
hold if / < j < \h\ + \ f\, j + g < k < \h\ + |/| + g. The latter inequalities represent 
a projection on the j/c-coordinate plane of the following face of T~: 

i = 0, f<j<\h\ + \f\, j + g<k<\h\ + \f\ + g. 

Therefore, in this case (projection) we have 

Tojk = ^ {{h o^_f g) o,_f b) 

= _ h) 00 /) o, g) o, b. 

At last prove that 



r: 



]h\+f+g = f) g)^b 



for 1 < i < \h\, i + f < j < \h\ + f . Use Lemma [677| and recapitulation formulae 3.2. 
If i = 1, then 

ro,i-l,|h| + |/|+g + ^'ij-^^h\ + \f\+g + ^lj,\h\ + \f\+9 + ^lj,\h\+f+9 

= + + + ^ h) 00 /) o,._i g) 0|,| + |^|+^ b 

_(_l)l/l+M+lftl ^ (((/i o, ^) 00 /) o,._i 5) 0|,|+|^l+^ 6 

s=0 

\h\ 

= _ /,) 00 /) o,„i 5) 0|,|+|^|+^ 6 



\h\ 



s=0 



If 2 < i < \h\, then 



i-2 



s=0 

_1)I/I+I.H&I ^ (((/,o,;x)o,_i/)o,._i5)o|,|+|^|+,6 
s=i— 1 
\h\ 

1^1 



_i)i/i+i.i+i^i ^(((/, o, ^) o,_i /) o,_i 5) 0|,|+|^|+^ 6 + r 



i3,\h\+f+g- 



s=0 



So the both cases {i = 1 and 2 <i <\h\) can be obtained from unique formula for 
1 < i < We must compare it term by term with 

{{5h Oi_i /) Oj_i g) 0|,,|+|/|+g h = — h) Oi_i /) Oj_i g) o^h\+\f\+9 ^ 

\h\ 

- o, n) Oj_i /) Oj_i g) 0|ft|+|/|+g 6 - (((/i I) Oi_i /) Oj_i 5) 0|;,|+|^|+g 6. 

s=0 

Now recall the sign (— and use composition relations to note that 

-{{{h ^ I) Oi_l /) Oj_l 0|;,| + |y|+^ 6 = Oo h) Oi_l /) Oj-_i 5) 0,,+ |^| + |^| h 

which lead one to the required formula for V'^'- ^^j^^j^g. □ 
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